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Distribution of Cyclic and Linear Macromolecules 
in the Polymerization of Cyclic Monomers with 
Simultaneous Backbiting and Endbiting Reactions 

STANISLAW SZOMKOWSKI 

Center of Molecular and Macromolecular Studies 

90-362 Lodi, Boczna 5, Poland 
of the Polish Academy of Sciences 

A B S T R A C T  

A system is discussed in which two kinds of cyclic macromolecules, 
without and with the active center located on the ring, are formed 
from linear ones (and vice versa) by two discrete processes: back- 
biting and endbiting, respectively. Thus, the probability of cycliza- 
tion is not a function of the distance between one kind of the reacting 
groups, as in the Jacobson-Stockmayer (J-S) theory, but there a r e  
two sets  of groups that can react and lead to cyclization. The 
proportion of the end- to-end process in the linear C cyclic 
macromolecule equilibration decreases with an increase in the 
average degree of polymerization of the macromolecules, as was 
assumed, but it differs from the J-S theory. The present treatment 
gives a quantitative solution of this new system; equations describ- 
ing the equilibrium distribution of cyclic and linear oligomers are 
formulated. These equations a r e  solved numerically, and the de- 
pendence of the fraction of macrocyclics, the dependence of the 
number-average degrees of polymerization of the linear and cyclic 
macromolecules on the initial monomer and initiator concentrations, 
and the dependence on the equilibrium constant of endbiting are de- 
termined. 
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I N T R O D U C T I O N  

SZOMKOWSKI 

Previous studies of macrocyclization have generally been limited 
to the polymerization conditions at which the average degree of polym- 
erization of a linear polymer was much higher than that of cyclic 
oligomers. The nature of the terminal groups could thus be neglected. 
A detailed review on the ring-chain equilibria has recently been pub- 
lished by Semlyen [ 11. 

However, there a r e  also reports indicating the dependence of the 
fraction of macrocycles on the chemical structure of the endgroups 
(determined by the nature of the initiator). These observations have 
been made in the cationic polymerization of cyclic acetals and THF 
[2, 31. 

In the polymerization of cyclic acetals o r  THF initiated with pro- 
tonic acids (e.g., CF3S03H), hydroxyl endgroups, susceptible to the 
attack of the cationic active centers, are formed. Thus, macrocyclic 
oligomers a re  produced not only in the backbiting reactions but also 
in the reversible reaction between endgroups of the living macro- 
molecule. For example: 

In this reaction, macrocycles with I'active center on the ring" (pro- 
tonated) are formed. 

The initiation of THF polymerization with CF3S03CH3 leads to 
macromolecules with CH30(CH2)4- endgroups. The CH30(CH2)4- 
-.. endgroups are much less reactive toward the oxonium active cen- 
te rs  than the hydroxyl endgroups, and thus do not participate in end- 
to-end cyclization. 

with active centers, end-to-end cyclization can contribute signifi- 
cantly to the total fraction of cyclic oligomers. 

Indeed, we have shown that for  short chains the fast ring closure 
reactions between active centers and the endgroups can lead to con- 
centrations of macrocycles higher than those which a r e  established 
when the whole set  of reactions constituting the propagation process 
reaches equilibrium (kinetic enhancement in macrocycles) [4]. In 
this work a system with parallel backbiting and endbiting reactions 
is analyzed with the purpose of disclosing the influence of formation 
of cyclic oligomers with active centers on the ring on the equilibrium 
distribution of macrocycles. 

In the case of macromolecules with endgroups that readily react 
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R E S U L T S  AND DISCUSSION 

D i s t r i b u t i o n  of t h e  C y c l i c  a n d  L i n e a r  O l i g o m e r s  i n  
t h e  P o l y m e r i z a t i o n  w i t h  S i m u l t a n e o u s  B a c k b i t i n g  
a n d  E n d b  i t i n g  R e a c t  i o n s - E x  t e n s  i o n  of t h e  J a c o b s o n -  
S t o c k m a y e r  ( J - S )  T h e o r y  o n  S y s t e m s  w i t h  E n d - t o -  
E n d  C y c l i z a t i o n  

Equations describing the distribution of cyclic and linear oligomers 
were obtained by applying the principle of microreversibility to the 
system with reaction steps responsible for  macrocyclization. De- 
noting cyclic oligomers with m monomer units as Mm, cyclic oligomers 
with n monomer units bearing an active center as Cn, and l inear macro- 
molecules constituted of n (or n + m) monomer units as Ln (or L ), n+m 
one can write the polymerization scheme with simultaneous cycliza- 
tion. In this scheme the reversible propagation with participation of 
macrocycles and the reversible endbiting reactions are taken into ac-  
count: 

K and K are the propagation and endbiting equilibrium con- 
stants, dependent (indexes m and n) on the respective degrees of 
polymerization of the macromolecules involved. The equilibrium be- 
tween two kinds of cyclics (Cn + Mm=Mn + Cm) has not been in- 
cluded in Scheme (2) because, due to the principle of microreversi- 
bility, its position is determined by the equilibria of propagation and 
endb it ing . 

The above scheme differs from that on which the J-S theory is 
based [5] by the addition of the endbiting reactions. The distribution 
of the cyclic and linear macromolecules involved in Reactions (2)  
can be found from the corresponding equilibrium equations when the 
sets  of K and K values are known. 

For  the sake of simplicity, we now assume that the conformations 
of the chain macromolecules are governed by Gaussian statistics. 
This is true for  macromolecules in 0 solvents, with no energetic re- 
strictions imposed on conformers in the cyclic conformations [S] . 

As shown in the Appendix, in the case of the chains obeying Gaus- 
sian statistics, the distribution of macromolecules resulting from 
Scheme (2) can be described by 

P(m) e(n) 

P(m) e(n) 
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where [L,], [M,], and [Cn] denote the equilibrium concentrations of 
the linear macromolecules and of the two kinds of macrocycles, re- 
spectively; [I] 

q = Kp(l) [M1]; and @(q,3/2) = 

defined the function b(q,s) as @(q,s) = 

this function can be calculated by using the method worked out by 
Truesdell [ 71 . 

It is convenient to express the concentrations of all species in 
l/Kp(l) units. In these units the concentrations of the corresponding 

compounds are defined in the following way: [m ] = K 

less, and Eqs. (3)-(5) will be 

is used for  the initial concentration of initiator; 
00 

qn/n3'2, Jacobson and Stockmayer 

qn/nS [5], and the values of 
n=l  m 

n= 1 

[M 1, [c,] = n ~ ( 1 )  n 
[C 1, [l,] = K [L 1, and [i] = K [I] will be dimension- 

[l,] = m 1  @(q,3/2) + q/ ( l  - q ) h n  (6) 

(7) [mJ = q /n 

(8)  
[cnl ={[ilo~e(l)/[Ke(l) *(s,3/2) + d (1-  q) l I a  n /n 3/2 

KP(l) n P(1) n 0 P(1) 0 

n 5/2 

Equations (6)-(8) can be used to determine the distribution of linear 
and cyclic macromolecules for chosen initial monomer and initiator 
concentrations and for a chosen K 
eter q is known. The value of q can be found from the equation corre-  
sponding to the requirement that the total concentration of monomer 
units in all linear and cyclic molecules is equal to the initial mono- 
mer concentration. 

meric units incorporated into the linear and cyclic macromolecules as: 

provided the value of the param- 
41 )' 

Indeed, let us denote the concentrations l', m', and c' of the mono- 

m m rn -_ 

1' = 2 n[l,,], m' = c n[mn], and c' = c n[cn]. Remembering that 
n= 1 n= l  n= 1 

m 00 
2 2 Wn = q/( l  - 9) , 

n= 1 n=l  
fo r  [l I ,  [mn], and [c 3 ,  we obtain, after summation, 

qn/nS = Q(q,s), and using Expressions (6)-(8) 

n n 
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The equation corresponding to the requirement that the total concen- 
tration of the monomer units incorporated into the linear and cyclic 
molecules equals the initial monomer concentration [ml] is 

where l', m', and c' a r e  determined by Formulas (9)-(11). The value 
of the parameter q can be found by solving Eq. (12) numerically with 
the known values of Ke(l), [i] o, and [ml] o, and thereafter the con- 
centrations of the linear and cyclic oligomers can be calculated by 
using Eqs. (6)-(8). 

Equations (6)-(8) can also be used to obtain the formulas for the 
total concentrations of the linear and the corresponding cyclic macro- 

03 03 03 

molecules: It = c [l,], mt = [m,], ct = c [c,]. After the sum- 
n= 1 n= 1 n= 1 

mations are performed in a similar way as previously, one obtains 

It = [il oq/[ Ke(1)*(q,3/2) (1 - 9) + ql 

mt = *(q,5/2) (14) 

(13) 

Comparison of Eqs. (6)-(8), describing the distribution of linear 
and cyclic oligomers. with the corresponding equations obtained by 
Jacobson and Stockmayer 1151, shows that the dependencies of [l,] and 
[mn] on n a re  of the same character ([l,] qn, [m,] q /n ] re- 
gardless of the presence of endbiting. However, in the system with 
endbiting the coefficient in the equation describing the distribution of 
linear macromolecules (Eq. 6) depends on K (the equilibrium con- 

41) 
stant of endbiting of the monomeric chain). Of course, in the system 
with K = 0, i.e., without endbiting, Eqs. (6)-(8) yield [c,] = 0, and 
the distributions of cyclic and linear oligomers a r e  the same as in the 
J-S theory. 

n 5/2 

41) 
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1388 SL;OMKOWSKI 

F r a c t i o n  of M a c r o c y c l e s ,  N u m b e r - A v e r a g e  D e g r e e  
of P o l y m e r i z a t i o n  of M a c r o c y c l e s ,  a n d  of L i n e a r  
M a c r o m o l e c u l e s  a s  a F u n c t i o n  of t h e  I n i t i a l  
M o n o m e r  a n d  I n i t i a t o r  C o n c e n t r a t i o n s  a n d  of t h e  
E q u i l i b r i u m  C o n s t a n t  of E n d b i t i n g  ( K e ( l ) )  

The aim of this work, besides the formulation of equations de- 
scribing the distribution and the total concentrations of linear and 
cyclic oligomers (Eqs. 6-8 and 13-15, respectively) as well as the 
formulation of equations for the concentrations of monomer units in 
linear macromolecules and in cyclics (Eqs. 9-11), was to calculate 
the values of several observable parameters for  different initial mono- 
mer and initiator concentrations and for different efficiencies of end- 
biting (different values of K ). The values of the following param- 
eters  have been calculated (by determining q from Eq. 12 and by using 
Formulas 9-11 and 13-15): 

f = (ml + ~ ' ) / [ r n ~ ] ~  the proportion of monomer in- 
m,c corporated into macrocycles 

41) 

- 
D(m) = m'/mt 

- 
D(c) = c'/ct 

the number-average degree of 
polymerization of neutral macro- 
cycles 
the number-average degree of 
polymerization of macrocycles 
with active centers 

- 
D(m,c) = (m' + c')/mt + ct) the number-average degree of 

polymerization of the total 
fraction of macrocycles 

- 
D(l) = l l / l t  the number-average degree of 

polymerization of linear macro- 
molecules 

The calculations were performed with initiator and monomer con- 
centrations which varied from lo-' to 1 and from 1.5 to 10, respec- 
tively, and for values of K 

used in the calculations, equal to lo-' ,  
41) 

corresponds to the system with practically insignificant endbiting and 
with the majority of macromolecules with active centers present in 
the form of linear ones. On the other hand, the results obtained by 
using K = lo6  describe the other extreme case, in which among 
the low molecular weight oligomers with active centers the fractions 
of linear ones a r e  negligible. Indeed, it follows from Eqs. (6) and (8) 
that the proportion of macromolecules with active centers and with a 

ranging from lo-' to lo6 .  
41) 

The lowest value of K 

41) 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
3
6
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



DISTRIBUTION OF CYCLIC AND LINEAR MACROMOLECULES 1389 

given degree of polymerization (n) present in the system as linear 
ones equals 

Thus, for  instance, when K 
macromolecules in the sets of macromolecules with active centers 
and with degrees of polymerization DP = n = 1, 2, 3, and 4 equals 
99.01, 99.65, 99.81, and 99.88%, respectively. Therefore the remain- 
ing fractions of cyclic oligomers with active centers a r e  negligible 
and the system with K = l o -”  does not differ significantly from 

the system analyzed in the J-S theory [5]. On the contrary, when 
K = l o6 ,  the fractions of linear oligomers with active centers 

are negligible; e.g., for DP = 1, 2, 3 and 4, the corresponding frac- 
tions a re  2.8 x 5.2 x and 8.0 x 

the case of small cycles the values of the equilibrium constants of 
cyclization do not obey general equations (Appendix, Eqs. XII and 
XIII) because the effects of small cycles are different for  different 
systems. These effects come from the difference between the real 
distribution of conformations of short linear oligomers and the dis- 
tributions governed by Gaussian statistics. Nevertheless, we hope 
that the relations between the values of the endbiting equilibrium con- 
stants and the values of the parameters characterizing the model sys- 
tem investigated will lead to a better understanding of how the reac- 
tivity of the endgroups can influence the distribution of macrocycles. 

The results of our calculations a r e  collected in Tables 1-5. In- 
spection of these tables shows that in systems with macromolecules 
with reactive endgroups, the role of endbiting i s  manifested by the 
increasing proportion of monomer units incorporated into the cyclic 
molecules (f 

polymerization of the linear macromglecules (b( )) and of cyclics with 
and without active centers ( a c )  and D(m), respectively) with an increase 
of K 
centrations. An increase of D(m) with increasing K is, however, 

limited. - It follows from Eqs. (10) and (14) and from the definition 
D(m) = ml/mt = +(q73/2)/@(q,5/2) that the maximal value of n (m)  

equals 1.948 and is obtained for  q approaching 1 [5]. 
It is  worth noting that even if the number-average degrees of 

polymerization of linear and .cyclic macromolecules (b(l), D(m), 
and b(c) )  increase with the stronger endbiting, the number-average 
degree of polymerization of all macromolecules, cyclic and linear, 

= l o -”  the proportions of linear 
41) 

e(1) 

41) 

In the calculations we deliberately did not take into account that in 

), by the increasing number-average degrees of 
m,c 

These dependencies a r e  more evident for high initiator con- 41)’ 
41) 
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FIG. 1. Dependence of the number-avecage degree of polymeriza- 
tion of cyclic and linear macromolecules (D) on log K Initial 
initiator concentration [i] = lo-’, e(1)’ 

0 

D = [mllO/(lt + mt +ct) = D(m,c)D(l)/[D(m,c) + f (D(1) - b(m,c)] m, c 

is practically independent of K as illustrated in Fig. 1. This is 
because the increase of the end-to-end cyclization (higher values of 
K ) results mainly in the conversion of a larger  part of the linear 
macromolecules into macrocycles with active centers but practically 
does not affect the total number of macromolecules in the system. 

41)’ 

41) 

E x p e r i m e n t a l  E v i d e n c e  of t h e  I n f l u e n c e  of E n d b i t i n g  
on t h e  E q u i l i b r i u m  D i s t r i b u t i o n  of M a c r o c y c l e s  

The relations between the tabulated quantities, depending on the dis- 
tribution of macromolecules, and the values of the equilibrium con- 
stants of endbiting stem from the influence of the nature of the end- 
groups (usually determined by the nature of the initiator used) on the 
overall thermodynamics of the polymerization processes. Such an in- 
fluence can often be neglected because of low initiator concentrations. 
There are, however, examples indicating that in the cationic polymer- 
ization of cyclic acetals [8, 91 and of tetrahydrofuran [3], the fractions 
of macrocycles observed in processes initiated with protonic acids are 
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considerably highex than in the case of other initiators, and, as men- 
tioned earlier, this difference may result from efficient endbiting. In 
each particular case it is necessary, however, to explain whether the 
increased concentration of macrocycles results from the influence of 
endbiting on the equilibrium distribution or  whether it results from 
endbitin kinetic enhancement in macrocycles, as described by us  pre- 
viously f i1 ,  
tion between the two cases mentioned above. For  example, Pruck- 
mayr reported on the increased formation of macrocycles in the 
polymerization of tetrahydrofuran initiated with CF3S03H when com- 
pared with a similar polymerization process initiated with CF SO CH 
[3]. In the polymerization of tetrahydrofuran initiated with CF3S03H, 
monomer conversion into the linear polymer approaches i ts  maximal 
value before the highest values of the concentrations of macrocycles 
are achieved [3], whereas, a s  we have shown previously [4], in the 
process with a kinetic enhancement in macrocycles the reverse should 
be observed. Moreover, in THF polymerization initiated with CF3S03H, 
the concentrations of macrocycles increase steadily during the entire 
polymerization. On the other hand, in the process with kinetic enhance- 
ment in macrocycles, the concentrations of macrocyles should pass 
through maxima at  an early stage of polymerization. Thus, it is con- 
cluded that endbiting influences the equilibrium distribution of cyclics 
in the polymerization of tetrahydrofuran initiated with CF3S03H. 

In some cases the available experimental data enable discrimina- 

3 3 3  

A P P E N D I X  

E q u a t i o n s  D e s c r i b i n g  t h e  D i s t r i b u t i o n  of C y c l i c  a n d  
L i n e a r  M a c r o m o l e c u l e s  i n  P o l v m e r i z a t i o n  w i t h  
B a c k b i t i n g  a n d  E n d b i t i n g  R e a c i i o n s  

In polymerization proceeding according to Scheme (2), the equilibri- 
um concentrations of the individual species a r e  related a s  follows: 

Equation (I) can be used for derivation of the recurrent formula 
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1402 SZOMKOWSKI 

and thus 

By combining Eqs. (I) and (IV), we obtain 

Because in Eq. (V), n and m a r e  the current indexes (n = 1, 2, 3, . . .; 
m = 1, 2, 3, , . .), we can also write 

From Eqs. (11) and (IV) it follows that 

The equilibrium constants can be expressed by the corresponding rate 
constants 

where kp(n) and k 

stants, respectively, whereas k and k are the rate  constants of 
endbiting and ring-opening. The values of the rate constants of reac- 
tions in which macrocycles with n monomer units are formed were 
assumed to be proportional to the probability of finding both reacting 
groups closing a properly oriented ring and a t  a distance necessary 
to allow a chemical reaction. According to Kuhn [ lo] ,  for chains 
obeying Gaussian statistics, this probability is proportional to n-3/2. 
Thus, 

a r e  the propagation and backbiting rate  con- 
d( n) 

e(n) 0 

-3/2 
kd(n) = kc? 

k =ken  -3/2 
44 

where k and k are the constants characteristic for each type of re-  d e 
action. 

In the dependence of the propagation rate  constant (kp(n)) on n, the 
statistical factor has been taken into account, i.e., k was assumed p(n) 
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to be proportional to the number of groups in the macrocycle which 
can be attacked by the active centers. Thus, 

For  the nonstrained cycles, the rate constants of ring-opening 
(ko) were assumed to be independent of the ring size. 

From Eqs. (VII)-(XI) it follows that 

K (n) = K n5/2 (K = kp/kd) (XW 

K eb)  = K e n-3/2 (Ke = ke/ko) (xm 
P P P 

Denoting in Eqs. (IV)-(VI) that q = K [M 3 ,  and substituting in 
P(1) 1 

Eqs. (Va) and (VI) the expressions for  K and K (Eqs. XII and 
XIII), one obtains P b )  e(n) 

[L1] can be eliminated from Eqs. (XN) and (XVI) by taking into ac- 
count that the total concentration of the molecules with active centers 
is equal to the initial initiator concentration: 

m m 

Summations indicated in Eq. (XVII) lead to 

Dl 0 = [L1l /(I - 9) + Ke(l)[L1l *(9,3/2)/q (wm) 

where 
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Thus, substitution of the expressions for  [L1] (Eq. XM) in Eqs. (XIV) 

and (XVI) leads to the final equations describing the distribution of 
cyclic and linear macromolecules: 

[L,] ={[I1 0/[Ke(1)+(q,3/2) + q/(l-q)I} qn (=) 
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